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Chuyén dé: PHUONG TRINH VO TI - Phan I
Phuong trinh vo ti 1a bai toan thuong gap trong céac ky thi cua THCS va THPT, dac
biét 1a cac ky thi hoc sinh gi6i va thi vao cac truong THPT chuyén ning khiéu.
A. Dinh nghia:
Phwong trinh vé ti la phwong trinh ¢é chiva én trong déu can.
B. Cac phwong phap giai thwong sir dung:
1. Bién ddi dang thirc.
Liiy thura.
Dit an phu.
Nhan lién hop.
So sanh.

ok

Viéc nam viing cac phuong phép giai, nhan biét dau hiéu va k¥ thuat 1a tién dé trong
viéc giai quyét cac bai toan thuc té. Sau day ching ta s& nghién ctru chi tiét timg
phuong phép trén.
|. PHUONG PHAP BIEN POI PANG THUC:
Trong phuong phap ndy ta st dung cic hiang ding thie, cac phép thém bat hop 1y dé
bién d6i phwong trinh d3 cho vé dang phuong trinh tich, tir d6 duoc cac phuong trinh
don gian hon.
Vi du I: Giai phuong trinh:  x%2 +3x+ 1 = (x + 3)Vx2 + 1 (1)
Gigi: (1) o (Vx2+1-3)(Vx2+1-x)=0

Giai tiép ta dugc x = 2v2
Chay: (a+uw)(b+v)=au+bv+ab+uv

A-w@-v)=1-u—v+uv

A-w@=-v)A-t)=1—-u—-v—t+uv+vt+tu—uvt
Céc hang dang thuc nay thuong dugc khai thac nhiéu trong bai toan giai phuong trinh
vo ti va cu thé 1a trong bai toan trén. Sau day 1a mot sb bai toan tuong tu:
a) Giai phuong trinh: (2x + 7)V2x +7 = x> +9x + 7

Pap s6: x =1+ 2v/2

b) Giai phuong trinh: (4x — DVxZ + 1 = 2x% + 2x + 1 (2)

Qo VT +1-1)(VaZ+1-22+1)=0->x=1
Vi du 2: Gidi phuong trinh: x + 3Vx +7.(¥x + 7+ 1) = 19 (3)
Gidi: Rel1+x+7)+3Vx+7(Vx+7+1) =27

o(1+¥x+7) =27>x=1
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Vi du 3: Giai phuong trinh:
Vx2 —3x+2+Vx+3=vVx—-2+Vx2+2x -3 (4)
Gidi: Diéu kién xac dinh: x > 2
@eo(Wx—1-1)(Vx—2-Vx+3)=0->x=2
BAI TAP AP DUNG:

Giai cac phuong trinh sau:

1) x+3+V1l—x2=3Vx+1+V1—x
2) 2xV2x—1=3x?—-2x+1
3) 1+2Vx+3=x+4V2x -1
4) x+4+V4—x2=3Vx+2+V2—x
5) Wz 4x+Vx2+15
2(x+1)
6) (x*+x+2)Vx+3=x%+5x+2
DVx+2+3V2x—5+vx—2—-V2x —5=2V2
Huéng din giai:

)PT & (Va+1-1)(Vx+1+V1l—-x—-2)=0
2) PT & x? 4+ 2xV2x — 1+ 2x — 1 = 4x?

ox+V2x—1)2=QRQx)2>x=1
3) PT & (Ve+3+1) =(VZx=1+2) »x=1
4) PTo (Vx+2-1)(Vx+2+vV2—-x-2)=0
5) PTo (Vx2+15-2)(Vx2+15—2x) =0

6) Chia 2 vé cho x rdi bién doi vé phuong trinh tich:

(Vx3-x=1)(Ve+3-2) =0

X
7) PT<—>\/(\/Zx—5+3)2+\/(\/2x—5—1)2=4
VZx =5 +3[+[V2zx—=5-1|=4> 2<x <3

Mot s6 bai tap thém:

8) (Thi thir chuyén KHTN 2014, dot 2, vong 1):

/3X+1+2\&=i+\/3x2+x.
Ax Jx

9) (Thi thir chuyén KHTN 2016, dot 2, vong 1).
2X/X+3 =15%* —9x - 2.
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10) (Thi thir chuyén KHTN 2016, dot 2, vong 2).
(X+6)v/x+3=27x*-3x-10.
11) (Thi thir chuyén KHTN 2016, dot 3, vong 2):

U +X=2+3IX+2 =2x—-1+x+4.

Il. PHUONG PHAP LUY THUA:

Trong phuong phap nay ta dua phuong trinh c6 chira cin vé phuong trinh da thuc
bang phép nang 1én liiy thira. Thuong dua vé phuong trinh bac 2, bac 3, bac 4 c6
nghiém dep.

Chu y: Khi liy thira bac chin can ch y diéu kién 2 vé phai cung dau hodc co thé
dung phuong trinh hé qua roi thir lai
Vi du 1: Giai phuong trinh: Vx + 3 + Vx + 8 = 5v/x

Giai: biéu kién x > 0. Binh phuong 2 vé ta dugc:

24/ (x +3)(x +8) = 23x — 11
o 4(x? + 11x + 24) = (23x — 11)? (didu kien x > =)

Tir d6 — x = 1 1a nghiém duy nhét ctia phuong trinh

Vi du 2: Giai phuong trinh: \/x iy + Jl _l_x1
X X X
x—=20
Giai: Dicu kién: { 1 _ i =0 @
x#0
Khi dé: PT & /%1(\/36+ 1+1-— /"x;l> =0

x—1

- Truong hop 1: T=O—>x=1

- Truonghop 2: Vvx+1+1= %ﬂe(\/x+1+x)2=0

5 PED - A , - A N N 1-+/5
Th lai diéu Kién (*) ta duoc cac nghiém la: x = 1vax = T\/—

Chu y: Khi giai diéu kién xac dinh qué phuc tap hodc mét nhiéu thoi gian ta chi can
néu ra diéu kién xac dinh rdi sau khi tim duoc cac nghiém ta chi viéc thi lai néu thay
théa man thi két luan nghi¢m, néu khong thoa thi loai (nghiém d6 goi 1a nghi¢m
ngoai lai).
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Vi du 3: Giai phuong trinh: Vx — 1 +Vx2 — 1 = Vx3

Giai: Pidu kién: x > 1. Binh phuong 2 vé ta dugc:

PTox3=x*+x—-2+2J(x—1)(x2-1)

1445
2

Vi du 4: Giai phuong trinh: Yx + 1+ Vx — 1 = 3/5x
Gidi: Lap phuong 2 vé rdi gian ude ta duoc:
Ve —1(x+1+Vx—1)=x *)
o Vx2-1.35x =«

Dodotaco: 4x2=5—-x = 0hodcx = +

<—>(\/x3—x2—x+1—1)2=0 - X

5
2

|5

Nhdn xét: Trong vi du 4 ta da thé phuong trinh ban dau vao (*) dé dugc phuong trinh
hé qua, tir do 1am don gian phuong trinh.

BAI TAP AP DUNG:
Giai cac phuong trinh sau:

D) Vx+1+Vx+10=vVx+2++Vx+5 b/s: x = —1
2) Vx+1+Vx+2+VYx+3=0 D/s:x = 2
) Vx+3+V3x+1=2Vx+V2x +2 P/s:x =1
4) (Kiém tra chuyén KHTN, dot 2, 2012-2013)

V2x—1++/x-1=5. D/s: x=5
5) (Thi thir chuyén KHTN, dot 2, 2014-2015)

VX+2++43-x=3. D/s:x=-12

6) (Kiém tra chuyén KHTN, dot 2, 2012-2013)

N2X2 +8X+6+/X2 —1=2x+2. b/s: x=1
Két ludn: Bai tap dang nay tuong dbi don gian. Tuy nhién, dang nay thuong kém viéc
ap dung thém mot sé phuong phap khac. Can luu ¥, hoc sinh ciing hay bi mat diém vi
quén dat diéu kién khi lily thira bac chéan.

I11. PHUONG PHAP PAT AN PHU:
1 4n phu
Thuong gip cac truong hop sau: 2 an phu
an phu lwong giac
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Muc dich:

- Giai tryc tiép tim ra 4n phuy;

- Pua vé phuong trinh dang cap bac 2: ax? + bxy + cy?> =0
- Dua vé hé phuong trinh;

- Pua vé hé tam.

Vi du 1: Giai phuong trinh: 3v2 + x — 6v2 — x + 4V4 — x2 = 10 — 3x
Gidi: diéu kién: =2 < x < 2
Pat: t=vV2+x—-2V2—x - t?=10-3x —4V4 —x2
Khi d6, phuong trinh da cho trd thanh:
t?—3t=0-> t=0hodct =23

Giai tiép ta dugc x = S 1a nghiém duy nhat ctia phuong trinh.
Vi du 2: Giai phuong trinh: 5V1 + x3 = 2(x2 4 2)
Gidi: diéu kién : x > —1
5vV1 + x3 = 2(x2 + 2)
o 5V LyxZ—x+1=22-x+1)+2(x+1)
Pita=vVx+1vab=vVx2—x+1 ;(a, b =0)
Phuong trinh da cho tré thanh:
2a2 —5ab+2b>=0e (a—2b)(2a—b) =0
& a = 2bhoach = 2a

e a=2b ->Vx+1=2vVx2—x+1

e b=2a > Vx2—x+1=2vx+1
5+v37
2

Pap s6: x
Vi dy 3: Giai phuong trinh: x3 + 1 = 232x — 1
Gidgi: Patt =V2x —1-t3 + 1 =2x
x3+1=2t
t3+1=2x
Khong mat tinh tong quét, giasex >t - x3+1>t3+1
dodo2t>2x -t=>xnénx=t

Ta co6 hé sau: {

|3

Suyrax3+1=2x o x=1hodcx =
Vi dy 4: Giai phuong trinh: V2 —x =1 —+x — 1
Gidi: diéu kién: x > 1

Pitu=3Y2—xva=vVx—1; v=>0
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Tacc’)hésau:{u+v:11<—>{ v=1-u

ud +v? = w+(1-uw?=1

© {1; : ?hoéc {1; : hoac {uv==—32

Tur do, ta tim dugc x = 1,x = 2 vax = 10 la cac nghiém cua phuong trinh da cho.

Vi du 5: Giai phuong trinh: x3 — 4x%2 — 5x + 6 = V7x2 + 9x — 4

Gidi: D6i véi nhitng bai toan ndy ta nghi ngay dén viéc dit can thirc bang t
Patt =3V7x2+9x—4 - t34+t=(x+1)3+ (x + 1)

+) t > x 4+ 1thi VT > VP: phuong trinh v6 nghiém

+) t < x + 1 thi phuong trinh v6 nghiém

+)t = x + 1thi (x + 1)3 = 7x2 4+ 9x — 4, giai tiép suy ra nghiém.

Két lugn: Diat an phy 13 phuong phap dugc st dung nhiéu trong cic bai toan giai
phuong trinh vo ti, doi hoi truc quan toan hoc va k¥ nang bién doi can thiét dé lam
xuat hién an phu. Vi vay, viéc giai quyét nhi€u loai phuong trinh khac nhau 1a viéc
rat can thiét.

BAI TAP AP DUNG:
Giai cac phuong trinh sau:

1) x2+Vx+5=5

2) 2Y3x—2+3V6—-5x—8=0

3) Vx(3x +1) —x(x — 1) = 2vVx2
HV1T+x+V1-x=1

B VI—x+V1i—x2+Vx2+x—-1=1
6) V—-vVxZ —1+Vx+VxZ—1=2
) x+V5+Vx—1=6

6-2x  6+2x _ 8
8) =

Voz T Verx 3
9) (Thi thir chuyén KHTN 2014, dot 2, vong 1): 4x-1+46-x=2.
10) (Chuyén KHTN 2015): x*-8x—3+6+2x+3=0.
11) (Thi thir chuyén KHTN 2015, dot 3,vong 1): x*+1=23/2x-1.
12) (Chuyén KHTN 2016, dot 2, vong I1): (3x+1)\/x+3 = 2x? +3x+3.

Hudéng din giai:
2 _
1) batt =\/x+5tadu’ochésau:{§2 ti= =
— X =
Trur 2 phuong trinh cho nhau ta dugec (x + t)(x —t+1) =0
Tir d6 tim duoc x
2) Tuong tu Vi du 4.
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3) Taco:
e x = 0 la nghiém ctia phuong trinh
e x # 0 thi chia ca 2 vé cho Vx2 ta duoc

J3+1—J1—1=2

X X

o 18 1 u—v=2
batu = /3+xvav— /1 xsuyra{uz_l_vzz4

Giai hé trén, tir do tim dugc nghi¢m.
4) bidukién: —1<x<1

Patu = 3 1+xvav=\/1—x(u,v20)tacéhé{

ut+tv=1 (D
ut+v2=2 (2)

Tr(Q)suyra0 <u,v<l-u*+vi<u+ve2<1Woly)
Vay phuong trinh da cho v6 nghi¢m.
5) Patu=vV1—x,v=V1—x2vat=Vx2+x—1
-0<uyvt<l
S>1l=uw+vi+t*<u+v+t=1
DAau = xay ra khi va chi khi x = 1 (thoa man).

6) Pitt =vx —VaZ—1-vx+ Va2 —1=12

t
Do do6 phuong trinh da cho tuong duong: t + % =2ot=1
Tir d6 tim duoc x = 1

7) batu =vV5—-—xvav=+v5+u

2 _ _
—>{u2+v_5.Gié1i hé,tﬁ:dc’)timdu’qclel V17
v —u=>5 2
8) batu =v5—xvav=+v5+x

u? +v%2=10
1 8

_>{—4(;+§)+2(u+v)=§

, 4
9) Pat u=4x-1, v=45-x, suy ra dap so x:1+(1J_r J1_0—3) :

10) Dat t=+/2x+3, suy ra x=3.

11) Bat t=32x-1, suy ra x=1 hodc x:_lJ—;\/g.
12) bat t=+x+3,suy ra t=2x hodc t=x+1.

Tur @6 tinh duoc x=1.
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Moi cac ban don doc tiép phan 2.
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