PE THI: TOAN (Vong I1)
Thai gian 1am bai: 150 phit (Khéng ké thoi gian phat dé)
Cau 1. (3,5 diém)
1) Giai h¢ phuong trinh

X* +4y* =5
4x°y +8xy’ +5x+10y =1.

2) Giai phuong trinh
V5X% +6X + =M.
5X° +6X+6
Cau I1. (2,5 diém)
X*-1 y*-1
3

1) Véi x, y 1a nhitng sé nguyén thoa man dang thirc , ching minh ring x* —y? chia

hét cho 40.
2) Tim tat ca cac cap sb nguyén (x,y) théa man dang thuc
X' +2x* =y,
Céau III. (3 diém)
Cho hinh vudng ABCD noi tiép duong tron thm O. P la diém thuoc cung nhé AD caa dudng tron
(O) va P khic A, D. Cac duong thang PB, PC lan luot cat duong thang AD tai M, N. Buong
trung truc cia AM cit cac duong thing AC, PB lan luot tai E, K. Pudng trung truc cia DN cat
cac duong thang BD, PC lan luot tai F, L.
1) Chang minh rang ba diém K, O, L thang hang.
2) Chirng minh rang duong thang PO di qua trung diém cua doan thing EF.
3) Gia sir duong thang EK cat duong thang BD tai S, cac duong thang FL va AC cat nhau tai T,
duong thang ST cat cac duong thang PC, PB lan luot tai U va V. Chtiing minh rang bén diém
K, L, U, V cung thugc mot duong tron.
Cau IV. (1 diém)
Chuang minh rang véi moi s tu nhién n >3 ludn ton tai mot cach sap xép bo n sd 1, 2, ..., n thanh

X A X e g
Xy, Xp1 .- %, 880 Cho X; # ———% v&imoei bo chiso (i, j, k) mal<i<j<k<n,



PAP AN TOAN (vong II)

Cau I. (3,5 diém)
1) H¢ phuong trinh da cho tuong duong vai

x> +4y? =5 (1)
(x+2y)(4xy+5)=1(2)
Thay (1) vao (2) suy ra (x+2y)(x2+4xy+4y2):l:>(x+2y)3 =1— x+2y=1. Ta thu duoc

X+2y=1 y=Lx=-1
hé y —>y(1-2y)=-1-2y*-y-1=0— 1
Xy:_l y:—E,XZZ.

Pipsé: (% y)e{(—l, 1);(2, ‘?1}}

2) Phuong trinh da cho twong duong voi
3
(5x2 +6X+ 6)\/5x2 +6X+5=64x+4X = (4\/5x2 +6X + 5) +4/5%X% +6X+5 = (4x)3 +4x

Chuyrang a’+a=b’+b < a=b. Vay V5x* +6x+5 =4x (x=0)

< 5x° +6x+5=16x* =11x* -6x-5=0 < x=1,x :I—i (loai).

Pap s6: x=1.

Cau I1. (2,5 diém)

1) Suy ra 3x* —2y? =1—3x*—2y* =1(mod 8), 3x*—2y*=1(mod 5)
x> =0,1,4(mod 8) 3x* =0, 3, 4(mod 8)
y?=0,1,4(mod 8) 2y? =0, 2(mod 8)

Do d6 3x* —2y? =1(mod 8) < x* = y? =1(mod 8) < x* —y*:8
x> =0,1,4(mod 5) 3x*=0, 3, 2(mod 5)
y?=0,1,4(mod 5) 2y? =0, 2, 3(mod 5)

Do d6 3x* —2y? =1(mod 5) < x* = y* =1(mod 5) <> x* — y* 15,

Ma (5, 8) =1 néntacé x*—y*:40.

nén 3x*-2y* =0, 6, 3, 4, 1, 2(mod 8).

nén 3x*-2y*=0, 3, 2, 1, 4(mod 5).

2) Ding thitc da cho twong duong véi (X2 +1) =(y+1)(y? —y +1)

Vi y?—y+1=(y+1)° -3(y+1)+3. Suyra néu d l1a wéc sb chung I6n nhit cia y+1, y2 —y+1
thi d 1a udc cua 3. Suy ra d nhan mot trong 2 gia tri 1,3.
Ma x* =0, 1(mod 3) suy ra x*+1=1, 2(mod 3) nén d = 3.

Suy ra d =1—y+1y*—y+1 nguyén t6 cung nhau. Vi (y+1)(y*~y+1) la s6 chinh phuong.
Suyra y+1, y* —y+1 la cac s6 chinh phuwong. Taky hiéu y+1=a% y?—y+1=b? a, beN



Do d6 4y? -4y +4=4b> = (2b)" —(2y-1)’ =3 (2b-2y +1)(2b+2y -1)=3.
Vi 2b—2y+1+2b+2y-1=4b>0 (vitachon b>0)suyra

2b+2y-1=3

) {2b—2y+1=1

2b+2y-1=1

) {2b—2y+1=3

Pap s6 x=0, y=0.

Cau IIL (3 diém)

= y=1->a’=2 (loai)

=y=0 x=0.
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1) (1 diém) Vi ACND vuéng tai D nén L Ia trung diém cia NC va O 1a trung diém AC
suy ra OL || AD, tuong tw OK || AD vay O, K, L thang hang.
2) (1 diém) Goi Q 14 giao cia EM va PO. Ta c6 tam giac EAM vuodng can tai E nén

EMA=45. do d6 EMA=BDA=45 suy ra MQ| BO. Tuong tv NF|CO. Ta c6

PM _PQ
PB PO
. PM PN PN PQ ,
Mat khac MN ||BC néen —=—— suyra —=— ha N ||OC. Va , N, F tha
at khac I PE ~pc W' 5o =55 hay ON | ay Q ang

hang. Tir 46 OFQE 12 hinh chit nhat nén PO di qua trung diém R ctia EF.

3) (1 diém) Theo tinh chit d6i xtmg thi ST, EF, KL dong quy tai G (truong hop P 1
diém chinh giir cung AD thi ST, EF, KL song song nén dé suy ra U, V, K, L cung thudc
mot duong tron). Goi H 1la giao cia PO va ST. Theo 2) thit RO=RF va LO=LF nén
RL 1a phan giac cia FRO ma GL la phan giac TGR. Tur d6 L tam noi tiép cua tam giac



GHR ma RLG =135 suy ra RHG =90" Vay UV L PO. Ta cé tam giac OPC can tai O nén

OPC =0OCP = ABP =VKS. Ma HPU +VUL =90°, SKO =90"nén VUL +VKL =180" do d6
U, V, K, L cung thuoc mot dudong tron.

Cau IV. (1 diém)

x oY \ . . P ST 4 a +a
Day a, &,, &, ..., & chiu dai s>3 tuy y dugc goi la day “tot” néu a, # %

v6i moi chi sb
(i, j, k) théaman (1<i< j<k<s).

Néu diy a,a,a, ..a la diy tét thi day 2a,2a,2a, ... 2a, va day
2a, -1, 2a,-1, 2a,-1, ..., 2a, —1 ciing la day tot.

T nhén xét trén ta suy ra néu day X, X,, X, ..., X, la ddy tét cia cac s6 1, 2, 3, ..., s (s=3) thi
day 2x, 2X,, 2X;, ..., 2X, 2% -1, 2X,—1,..., 2x,—1 1 day tot clia cac s6 1, 2, 3, ..., 2s (chu y
rang %Xm_l khong 13 s6 nguyén).

e (1 3 2)ladaytotciacicsdl, 2, 3.

e V6&i n>3 1udn ton tai k dé 3-2* <n<3-2% Theo nhan xét trén, ta xay dung duogc day tbt
tir cac s6 1, 2, 3, ..., 3.2" sau d6 ta bo di cac s6 n+1 n+2, n+3, ..., 3-2% ching ta nhan
dugc diy tot tir cac s6 1, 2, 3, ..., n (trén day tdt ta bo di cac sd hang bat ky thi day con lai
van la day tot).



